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These notes were prepared for a mini-course on the goemetry of Coxeter groups at ‘Frontiers in
mathematics’ event at Kerala School of Mathematics, Kozhikode. The goal is to sketch a proof of
Moussong’s theorem which states that

Every Coxeter group acts properly discontinuously and cocompactly on a CAT(0) space.
We will approach Coxeter groups from the lens of geometric group theory and thus these notes do

not touch upon on the connection of Coxeter groups with Lie theory.
These notes closely follow ‘Notes on Coxeter groups’ by Chris Cashen, who in turn used

Mike Davis’ book ‘The geometry of Coxeter groups’. For a quick introduction to the topic at
an undergraduate level, one can refer ‘O!ce Hours with a Geometric Group Theorist’, from where I
borrowed some exercises.

These started as typed notes but very soon evolved into handwritten ones. The notes are organised
as follows:

• Introduction to geometric group theory

• Coxeter groups - definitions and preliminaries

• Geometric reflection groups

• Spherical simplices

• Introduction to CAT(ω) geometry

• Construction of Davis complex

• Davis complex is CAT(0)
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Intro to GeometricGroup

theoryThephilosophyofgeometric grouptheory is to
view

a
group

as a metricspace

and then use the geometry of the spaceto learn about the

group.Two
geometries I am interested in are

hyperbolic
CAT O

we will see later why groups that act on
CATCO spaces are

nice

let's focus on first


















































































































CAYLEY GRAPH

G be a group
S be a generating

setmetric eachedge
haslength 1

Ca yleftGSright is a graph with
vertices elementsofG
Edges ggs for sinS

Ex GmathbbZSleft1right Sleft11right Sleft23rightSleft12right
cdot
32L0 321

ldots because321 43l 2

ExGmathbbZ2Sleftleft10rightleft01rightright GF2leftlangleabrightrangleSleftabrightuparrow
Ex

bba
111101 ableft01rightleftlangle00rightrangle wedge a3a2a1 al

wedgeprofline
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QUASI

ISOMETRYDef
Let leftxd1rightand leftX2d2right be twometric spaces
A notnecessarily cont map fX1rightarrowX2
is called a leftlanglelambdavarepsilonrightrangle_quasi isometricembedding if

exists

existslambdageq1varepsilongeq0 St forallxyinX1

frac1lambdadX1leftxyrightcleqdX2leftfleftxrightfleftyrightrightleqlambdadX1leftx1yrightc

If inaddition ni const Cgeq0 st
forallx2inX2
nix1inX1

st x2inChhd of fleftx1right

coarsely

surjective.then
fiscalled a quasi isometry

X1 and X2 are called quasi

isometric.Ametricspace is QI to a point ithasfinitediameter

let zd betheinducedmetricon 2 from IR
then i I IR is a quasiisometry.ExGGT1

isometricemb
coarsely surjective


















































































































Exercise
Every fg group is ametricspace welldefined

GGT2 upto quasi

isometry.Pf
let G S be a finitegeneratingset
Define ametricds on G

dsleft1grightleftgrightsdsleftghrightleftg1hrights
lengthofshortestpreimage
ofgunderthe
map IFleftsright Gword

length

ofgwrt S

actofGonitselfbyleftmultiplication
gives an embedding G Isom leftGdsright
act byrightmultiplicat by2
given an isom only if gammain centerleftGright

Lets beanotherfinitegenset withmetric

dgclaim7 st

frac1lambdadSleftghrightleqdSleftghrightleqlambdadSleftghright
If let siinS

let dSleft1sirightlambdai
let lambdamaxlambdai
then dSleft19rightdSleft1s1s2s3ldotssnright

shortestrepresentative

leqdSleft1s1rightdSlefts1s1s2rightldotsdslefts1ldotssnldotss1ldotssnrightdsleft1s1rightdsleft1s2rightldotsdsleft1snrightleqnlambdaoverlinetau3leftgrightsdsleft1gright

1fracS1S1fracS2S1S2fracS3s1s2s3


















































































































CayleftGSright metricgraph with edge lengths 1

The induced metric on thevertexset is exactlyds

i
thereforeleftGdsrightleftrightarrowCavgleftGsright
is a Quasi isometry

CayleftGSrightsimQICayleftGSright
No unique Cayleygraph butthey all look
about the same ifyou squint youreyes
Ex Z S S

o Quasi isometries arisingfrom groupactions
Milnor Svare lemma

Def G A X space
In the action iscalled cocompact if the
quotientspace X G withquotienttop is compact

Ex.ExI A 1R
2 AIR

IT Sg A 1H

919999
2 A by translation
2 Did notcompact

Ex 27 IR by horizontaltransl


















































































































Betterdef
G AX is cocompact if thereexists a compact
set KsubseteqX suchthat XGcdotK

GAX is free if forallxinX ginGleft1right gxneqx
Gcap leftXdright by isometries if dleftgxgyrightdleftxyright

X top space
G acts properly on X

if forevery compact set K inx
geG kngkneqphi is

finite.ExXmetricspace
x ̅ gets an inducedmetric
T X A x ̅ bydecktransf
acts
properly.Ex

notactingproperly
0
byrotation

GT3 let x be a CWcomplex whichis locallyfinite
andfinitedim'l

suppose a fg groupG actson combinatorially
sends n cellsto m cells

suppose cellstabilizers arefinite.canyouconclude that
GA X isproperlydiscontinuous


















































































































Lemma leftXdrightmetricspace
G group with finitegen set S andwordmetric ds

If G A byisometries

then no EX
existsmu0
st dleftgx0gx0rightleqmudSleftggright forall gginGx

proof let mumaxleftdleftx0sx0rightsinScupS1right
if dsleftggrightn then overlineggs1ldotssn

for some s1ldotssninSus1
let gis1ldotssi

dleftgx0gx0rightdleftx0g1gx0right
leqdleftx0sx0rightdleftsx0ss2x0right

sumdleftx0six0rightleqmunmudSleftggrightsx s1s2x0x0

s1s2s3 No


















































































































topspace
G A X by homeomorphisms

let Ux be an openset such that G cdotux

If X isconnected then SginG gununeq0
generates G

Lemma

proof
let HsubseteqG generatedby S
let YHcdotU

YleftGbackslashHrightcdotU
If YcapYneqphi

then existsh C 1l geGillt st hUcapgUneq0
U n ñg Uneqphi

overlinehginS
RightarrowginHSH

thereforeXYcoprodY disjointopensets
Y non empty
connected

Yphi and XYHUGU

Sgenerates G

G PSL 2 angle A1H byism
U E nhdof fundam domain F
SleftToverlineTRright

then Sgenerates G ISLleft2mathbbZright

Recall
earlier we
used thefact
that F was
a fundamental
domain


















































































































Remark If G acts cocompactly onleftXdright
then compact set K st GcdotKX
choose a metric ball Bleftx0rright containing K
and set UBleftx0rright

Now if in addition the action isproper then
the set S is

finite.Gcapx xd metricspace
properlyand compactly by isometries

then G is finitely
generatedcorollary

in fact f p

Proposition Milnor share lemma
Fundamental theoremof GGT

propergoodmetricspace lengthspace
G AX properly cocompby isom
Then P is fig and for any xoEX
the orbit map G backslash is a quasi isometry

g gdo


















































































































proof let K be a compactset st GcdotKX
choose do and D0 St k C Bleftx0D3right

SleftginGgBleftx0DrightcapBleftx0Drightneqphiright
properaction S isfinite
previous lemma SgeneratesG
ds wordmetric
existsmu0 St dxleftgx0gx0rightleqmudsleftggright

one sideoftheined.needto show's dSleft1qrightleqc1dXleftx0gx0rightc2
for qinGgoodconsidera pathjoining to and go in X

Cleft01rightrightarrowX offinitelength
Partition oil St dleftclefttirightcleftti1rightrightleqD3

0t0t1ldotstn1

9300gso

cleftt3rightcltz

g2cdotx0
Cl1backslash golox0

foreach i choose gi suchthat dleftclefttirightgix0rightleqD3
By cocompactness

g01 gng nfracD3
Then dg iPo gI cdotx0leqD

gi
l

giinSsi


















































































































Another

proofthat
S generates
G

ggngg0leftoverlineg0g1rightleftoverlineg1g2rightldotsldotsleftoverlinegn1gnright
gsns2s11

s1s2ldotssn

length
spacechooseC to have length lessthan d leftx0gx0right1
C good lengthof c decogxo
choose thecoarsestpartition

possibleI
19 0

leqDl3
Txcdot D3D3 D3

lastps couldbe smaller
leftn1rightfracD3leqdleftx0gx0rightleqmcdotfracD3

also leftgrightSleqn

leftgrightSleqnleqfrac3Ddleftx0gx0right1
Ex pi1leftsgrightsimQIpi1leftshrightghgeq2

Any two closed hyp 3mfld groups are OI
Ex anglemsimQImathbbZn mn

GGT4 Ex IF2approxIF3 151 propertycocompactly

GGT5 Ex GG then G E G

Gromov's
Program QI classificationofgroups



Coxeter groups in geometric group theory

Here is a list of examples where Coxeter groups have been used in connection to geometry/topology.
See the introduction of Davis’ book for a summary.

1. Creating exotic manifolds:

• construct the first example of a closed aspherical (all homotopy groups trivial) manifold
not covered by any R

n

• construct example of a closed aspherical manifold that is not residually finite

• Construct example of a closed aspherical manifold that has unsolvable word problem

• a closed aspherical topological manifold that is not homotopy equivalent to a smooth man-
ifold

• construct examples of Poincare duality groups that do not occur as ε1 of any closed as-
pherical manifold.

2. Hyperbolicity

• construct examples of hyperbolic 4-manifolds (from Coxeter polytopes of reflection groups
in H

4)

3. Construction of CAT(0) spaces: a rich source of examples for groups acting on CAT(0) spaces.
4. Theory of special cube complexes

• Davis complex of a Right angled Coxeter group is a cube complex. Any group that acts
geometrically on a ‘special cube complex’ can be embedded into a RACG. This was a
crucial step in the resolution of the virtual Haken conjecture.

2


















































































































Coxeter groups - definitions and preliminaries

Let S is a finite set. Let M = (mst) be a symmetric ⌜S⌜ ⌐ ⌜S⌜ matrix with entries in {1,2, . . .} ∪ {⋊}
such that mss = 1 for all s ∈ S and mst ≥ 2 for all s ≠ t. Such a matrix is called a Coxeter matrix.

A group is called a Coxeter group if it admits a presentation of the form

< S ⌜ (st)mst for all s, t ∈ S >
where (mst) is a Coxeter matrix. Such a presentation is called a Coxeter presentation.

A Coxeter system (W,S) is a Coxeter group W such that there is a Coxeter matrix M defined
with respect to S which gives a Coxeter presentation for W .

Example 0.1. There is only one possible Coxeter matrix on a singleton S = {s} with corresponding

group Z⌜2Z. Coxeter matrix on S = {s, t} has a form ⌝ 1 m
m 1

⌝ for m ≥ 2. Consider the cases

m = 2,m =⋊ and m ≠ {2,⋊}. ∎
Recall the dihedral group Dn is the group of symmetries of a regular n-gon Pn in E

2. Let r
denote the rotation by 2ε⌜n that generates the cyclic group of rotational symmetries Cn and let s be
a reflection symmetry. Then Dn =< r, s ⌜ rn, s2, (sr)2 >≅ Cn ⋉ C2
Since r = s sr, letting sr = t we have

Dn =< t, s ⌜ (st)n, s2, t2 >
There are two commonly used ways to represent Coxeter groups via graphs. Let M be a Coxeter

matrix on S.

• Coxeter graph/diagram ”S : Vertex set is S and two vertices are joined by an edge if mst > 2.
Edges are labeled by mst if mst ≠ 3. (Notice that no edge means mst = 2.)

• Presentation graph #S : Vertex set is S and two vertices are joined by an edge if mst <⋊. Edges
are labeled by mst if mst ≠ 2. (Notice that no edge means mst =⋊.)

Exercise 0.2. a) Draw both the Coxeter diagram and the presentation graph for the following
Coxeter matrices :

⌝1⌝ , ⌝1 2
2 1

⌝ , ⌝1 3
3 1

⌝ , ⌝ 1 m
m 1

⌝ where 3 <m <⋊, ⌝ 1 ⋊⋊ 1
⌝ ,

b) How does a Coxeter group decompose if it is represented by a disconnected Coxeter diagram? a
disconnected presentation diagram? A Coxeter group is called irreducible if it’s Coxeter diagram
is connected.

Exercise 0.3. A Coxeter group W is called rigid if there are two Coxeter systems (W,S) and (W ⌐, S⌐)
such that W ≅W ⌐, then there is a label preserving graph isomorphism between ”S and ”S⌐ .

a) Find two non-isomorphic Coxeter systems (equivalently, Coxeter diagrams) that determine the
dihedral group D6.

b) Determine which dihedral groups are rigid.

c) Prove that if ”S and ”S⌐ are two Coxeter diagrams that determine isomorphic groups and all
edges of ”S are labelled ⋊, then the same is true for all edges of ”S⌐ .
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Let (W,S) be a Coxeter system. Let T ⊂ S be a finite subset. The subgroup WT of W generated
by T is called a special subgroup. Let ”T be the full subgraph of the Coxeter diagram ”S . It is not
obvious but is true that (WT , T ) is itself a Coxeter system with Coxeter diagram ”T . Finite special
subgroups of (W,S) are called spherical subgroups.

Exercise 0.4. A Coxeter group given by (W,S) is called a right-angled Coxeter group (RACG) if

mst ∈ {2,⋊} for all s ≠ t in S.

a) Describe the graph property (in terms of both Coxeter graph and presentation graph) that
characterizes those special subgroups of RACGs that are spherical.
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Geometric reflection groups (examples of Coxeter groups)

A Euclidean convex polytope is the compact intersection of finitely many halfspaces in E
n.

A spherical hyperplane is the intersection of Sn ⊂ Rn+1 (as the unit sphere with center the origin)

with a linear hyperplane of Rn+1. A spherical halfspace is the closure of a complement of a spherical
hyperplane. A spherical convex polytope is the the compact intersection of finitely many spherical
halfspaces in S

n. A convex polytope is called an n-simplex if it has the combinatorial type of a simplex
in R

n+1.
A geometric reflection group is a group generated by reflections in the sides of a convex polytope

P in S
n,En or H

n such that P is a fundamental domain for the action. Such a polytope is called
a Coxeter polytope. In these notes, we will primarily work with spherical and Euclidean polytopes.
Please refer to Cashen’s notes for the study of hyperbolic polytopes.

Lower dimension

Exercise 0.5 (One dimensional geometric reflection groups in E
1). Consider the real line with the

Euclidean metric E
1. The only non-singleton convex polytopes are intervals. Let P be one such

interval, say [−1⌜2,1⌜2]. Let ϑ1⧖x↦ −x−1 and ϑ2⧖x↦ −x+1 be the reflections about the faces {−1⌜2}
and {1⌜2} respectively.

a) Show that the group generated by ϑ1 and ϑ2 is isomorphic to the infinite dihedral group D∞.
b) Show that all geometric reflection groups defined on E

1 are conjugate in the group of a!ne
transformations of E1.

Exercise 0.6 (One dimensional geometric reflection groups in S
1). Show that geometric reflection

groups in S
1 are exactly the finite dihedral groups. (Hint: Construct an action of Dn on S

1 and show
that it is faithful.)

Theorem 0.7. One-dimensional geometric reflection groups are in bijection with dihedral groups.

Exercise 0.8 (Two dimensional geometric reflection groups in S
2 and E

2). A Coxeter polygon is a
Coxeter polytope in S

2,E2 or H2 that is a fundamental domain for a geometric reflection group.

a) Show that the dihedral angle at each vertex of a Coxeter polygon is an even integral fraction of
2ε.

Let X2 be S
2 (resp. E2) with constant curvature = +1 (resp. 0). If P is a polygon in X

2 with area
A(P ), dihedral angles ϖi = ε⌜mi and Euler characteristic ϱ(P ) = 1, then the Gauss-Bonnet theorem
says that

A(P )ω(X2) + n⩀
i=1
(ε − ε⌜mi) = 2εϱ(P ) = 2ε.

b) Use the above formula to enumerate all possible Euclidean Coxeter polygons with the possible
dihedral angles.

c) Use the above formula to enumerate all possible spherical Coxeter polygons with the possible
dihedral angles.

d) *What can you say about hyperbolic Coxeter triangles using the above formula?

Exercise 0.9. A triangle group $(p, q, r) is a Coxeter group defined by the Coxeter matrix

⌝⌞⌞
1 p r
p 1 q
r q 1

⌞⌞⌞
5


















































































































a) For p, q, r <⋊, when is $(p, q, r) a spherical/Euclidean/hyperbolic geometric reflection group?

b) Consider the action of $(2,2,⋊) on E
2. What is the fundamental domain?

c) **Consider $(⋊,⋊,⋊) acting on H
2. Draw the fundamental domain. Show that $ has a finite

index subgroup that is isomorphic to a free group. Show that $ is not a geometric reflection
group. Hint: Use the notion of quasi-isometry and quasi-isometry invariants.

Remark: Every geometric reflection group is a Coxeter group. There exist Coxeter groups that
are not geometric reflection groups.

Theorem 0.10. The two dimensional geometric reflections groups are as follows:

• spherical: spherical triangle groups

• Euclidean: Euclidean triangle group and D∞ ⌐D∞
• hyperbolic: ⋯

Higher dimension

Exercise 0.11. Show that the dihedral angles of aCoxeter polytope (those coming from a geometric
reflection group) are integral submultiples of ε.

Proposition 0.12. 1. Any spherical convex polytope with dihedral angles ≤ ε⌜2 (hence any Coxeter

polytope) in S
n
is a simplex.

2. Any Euclidean convex polytope with dihedral angles ≤ ε⌜2 (hence any Coxeter polytope) in R
n

is a product of simplices. (In this case the geometric reflection group is a direct product and is

called reducible.)

Theorem 0.13. A convex polytope P in S
n
or R

n
is a Coxeter polytope if and only if the dihedral

angles of P are integral submultiples of ε and if P is has the combinatorial type of a simplex in R
n+1

.

Moreover, for dihedral angles ϖij = ε⌜mij, the Coxeter group determined by the Coxeter matrix(mij) is isomorphic to the group generated by reflections in the codimension 1 faces of P .

Theorem 0.14. All geometric reflection groups are Coxeter groups.

Coxeter was able to enumerate all Coxeter polytopes in S
n and E

n to give a classification of
irreducible geometric reflection groups in these setting. Recall, how we did this in the 2-dimensional
case.

Next, we will focus on the spherical Coxeter polytopes, which in fact are always simplices.
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spherical
polytopeswe

now focuson sphericalpolytopes because

they show up as Links ofvertices in
convex polytopes in IE 1H

later the links will dictate thegeometry of a
polyhedralcomplex

The linkof avertex re of a convexpolytope P in XnleftnleftmathbbRnrightHnright
is a convexpolytope in n1 obtainedbytaking all
unit vectors overrightarrowu in TvXn such that overrightarrowu is inwardpointing

wedge

good in xa starting at reand initialvector overrightarrowu
hasnon trivial initial
segmentcontained in P

v
u2LleftVrightoverlinetheta

u1

LalphakleftVfracDright comeswith ametric

dLleftoverrightarrowu1overrightarrowu2right distaoverrightarrowu
n
l
e
overrightarrowU2
in unitsphere in TvXnExample

angleb woverrightarrowu1overrightarrowu2theta
arc length bomegaoverrightarrowu1overrightarrowu2

Prop If I is a convexpolytope in nwith all dihedralangles leqpi2
then I is a simplex



GOAL Howto determine if a simplex is sphericalgiven itsdihedralangles

LinearAlgebra
inmathbbRn

Grammatrixof a setofvectors2overrightarrowv1overrightarrowv2ldotsoverrightarrowvk is thematrix

oftheir innerproductsGrammatrixof a simplex Grammatrixofthesetofinward
pointingunitnormalvectors

thevector to halfspare
oEx

overrightarrowVioverrightarroweiV3
V2 leftbeginmatrix100010001endmatrixright

uparrowV1

LIfthetaij dihedralanglebw codimension1facesofbot to overrightarrowvi an doverrightarrowvj
then overrightarrowvioverrightarrowvjpithetaj

GsigmaleftcosLoverrightarrowvioverrightarrowvjrightleftcosleftpithetaijrightrightleftcosthetaijright
A realsymmmatrix M is positivesemidefinite if

for all vinmathbbRnoverrightarrowVTMvgeq0
positivedefinite if inaddition overrightarrowVTMoverrightarrowvoverrightarrow0Leftrightarrowoverrightarrowvoverrightarrow0

Sylvester's Criterion Mntimesn is positivedefinite

for all 1leqileqn theupperleft ixi submatrix
MiofMhaspositivedeterminant



PropB suppose thetaiipi thetaijthetajiinleft0piright for it
let Cleftcosleftthetaijrightright
There exists a spherical simplex with
dihedralangles thetaij iff C ispositive

definite.proof
FL

pointingnormal unit vectors Sigmau1 u2 Until is a
basisfor 112

A
r is a sphericalsimplex the setof

inwardFI

so there is MinGLleftn1mathbbRright
st MeiUi ei std basis

wehave leftlangleUiUjrightrangleleftlangleMeiMgrightrangleeiMTMg
uiTuj

RightarrowCMTM Gram

matrix.toshow wTCwgeq0 withequalityonlyforomega
overrightarrow0

WTMTMWand 0 omega0
since MEG Ln1leftMwrightTMwleftMwrightgeq0

c is positivedefinite
thereforecap all it's evalues are geq0
and eV overrightarrow0 evalue 0

also columnsare linearly independent



C realsymmetric so diagonalizing
CSTDS where Dleftbeginmatrixlambda1lambda2lambdanendmatrixright
sqrtCSTsqrtDS iswelldefined

and alsopositivedefinite
columnvectorsofsqrtc are linearly independent

leftv1ldotsvkright
8 basisforsome mathbbRksubsetmathbbRn

F1 leftv1ldotsvkright are inward normal unit vector

of some spherical simplex
Also the Gram matrixof leftv1ldotsvkright is c

For o determined by
c

f2 A sphericalsimplex isdeterminedbyits Grammatrix
equivalently it'sdihedral

angles.ProofofFL suppose leftu1ldotsun1right is a basisof1111
ofunitvectors

Phileftbeginmatrix111u1u1ldotsun111endmatrixrightexistsphiinGLleftmathbbRn1right st philefteirightWo
let sigma0 bethe nsimplexgivenby leftbeginmatrixe1ldotsen1endmatrixright
then phileftsigma0right isalso an n simplex

o n simplex ineta
u1u2 UntY hastobe a linearly indep setofunitvectors

basis



proofof F2 let sigmaV be thesimplex determined by inwardpointonnormalvectors leftv1ldotsvkright
let sigmaurightarrowurightarrowleftu1ldotsukright
sit leftleftlangleuiujrightranglerightleftleftlanglevivjrightrangleright g

By F1 leftv1ldotsright and u1u2ldots y are basisof
mathbbRk1

RightarrowexistsphiinGLleftmathbbRk1right st phileftvirightuiforalli

claim phi is an isometry
we have leftlangleuiujrightrangleleftlanglephileftvirightphileftvjrightrightrangle

4

leftlangleVjVjrightrangle
phi is an isometry Evilbasis



i linearalgebraPolar
dualGOAL

Howto determine if a simplex is sphericalgiven its side lengths

Proper spherical simplexwith edge lengths lijflo.it
v2wedge lij lengthofedgejoining

Vi andVj

Cleftcdotcoslijright is positivedefinite

v1 v3

Definition Let P be a convexspherical polytopeofdimn
with inwardpointing unitnormal vectors uoverrightarrowu1ldotsu
and vertices SP
It's polardual P is the convexspherical polytope

Prop.ofdimensionn

with inward normals V
and vertices

UPPropA convexsphericalpolytope is a simplex P is asimplex



suppose C is vedefinité
Then re isalso
let V setofcolumnvectorsofJcproof

of
PropcThen

the GrammatrixofV C
PropBC is the definite V isthesetofinward

pointingnormalsof a sphericalsimplexP
iff V is the setofverticesof I

sphericalsimplex

Now edgelengthsof P are exactlyly33Propspherical
let P bethesimplexwithvertices Vleftv1ldotsvkright and

edgelengths lij
then PP has inwardpointingnormal vectors V
since I1 is also a sphericalsimplex

by PropB if'sGrammatrix is the definite
cleftleftlanglevivjrightranglerightleftcoshjright

ly I

ViVjSPIExercise

Show that spherical trianglewith sides
a b c iff atbtc21T.Corollaryd



P convex spherical polytope
all edgelength geqpi2
Then I is a simplex
let leftu11u2ldotsunright bethe inward pointingnormalvectors
let SigmaV1V2 y be the vertices of

I.Prop
EEproof

Lambda

then LViVjlij V1
v l13nleq

l12neg proflinelet It bethepolardualoffracP
v3uparrow

Lv2 x2
Then
P is a

simplexPropD

cleftcosvivjright i1s va definiteP is a simplex
inwardnormalsareSigmaV ldots4

geomdefcos lijleftcosleftvivjrightrightleftcospiright Ñfefp

lijgeqpi2 diffed
r
P
al angles leqfracpi2

Prop II
is a simplexP



ii spherical Coxeter

groups.Properlet leftWSright bea coxetersystem with S Si ieIY
let C cos pimij be it's cosine

matrix.Cispositivedefinite

spherical simplex or C C 112 for II n1
whose Grammatrix isCandsuch that IN sphericalsimpl reflect

groupwithfundamental
domain

proof W sph simpl reflect Group
then its cosine matrix Grammatrixoff
and hence the definite

PoopB
C postivedefinite sphericalsimplex
whose Gram matrix is C

ByThma9 IN Geomreflectgroup
in codion I facesof

r.Thm.FordihedralanglesOf I
mg the

Coxeter

groupdeterminedby the Coxeter matrix
mij is isomorphic to the group generated
byreflections in the codimension facesof r



CAT K

geometryModel

space For kinmathbbR ninmathbbN

Mk unique complete simplyconnected
n dimil Riemannian mfld ofconst
sectional curvatureequal to k

M1nHn i M0nIEn 1 M1nn
Mkwedge sphereofradius nicefrac1sqrtk
Mkn rescalemetric on leftHnby1sqrtleftkrightright

for1230

fork
CODiameter

ofmodelspace
Dkinfty if kleq0

DRpisqrtkifk0

Prop uniquegood b w two pts x y in the
when dleftxyrightDk



C1
Exercise let X be a goodmetricspace

consider a good triangleΔthen1goodtriangle A in M withthe same
calledcomparison A side lengths

proof
V3

d2 d1 leftdjdkrightleqdileqdjdk
for ineqjneqkinleft133right

theta
V1 v2d3

extreme1

d2
extreme2

d2 di

k0
1

d1
xd1d2 nd1d2

a xinleftd1d2d1d2right
varies continuously

dzsatisfiesthis
Litheta

b
c2a2b2 Zabcoso

osleq

d1d2d3 C 2Tk1 diet

2Dr.extremeextreme2 if2pi
then

u
dz1
I

pid2
d1

di
then xd1d2

then x2pileftd1d2right
2 variescontinuously bw leftd1d22pileftd1d2rightrightdzsatisfiesthiscondition



A goodmetricspaceX iscalled a CATG space if
if forevery good Δ in
and corresponding comparison Δ in Mkn

the following is true
v3

d1

v3

d2bd2 d1 Lambdaknp

nleqx
qd3V1 qd3 v2V2 v1

dXleftpqrightleqdMknleftpqright
slogan triangles are atmost as fat as in model

space Mk2

Example n is CATCI
En is CATIO
leftHrightn is CAT 1

CAT standsfor Cartan AlexandrovToponogor.Gromovcoinedthisterm
AcompleteRiemannianmfedhascurvature k in the above
sense ifandonly if all ofits sectional curvatures k



A spacehas curvature atmostk or is locallyCATCk

if everypointhas a CAT k

neighborhood.A
completegoodmetricspaceofcurvature
at most k is CAT K

ithas no isometricallyembedded

loopsof length 2Dk
TheoremEx

Toruspi2 locally CATCO butnot CATleft0right

it'suniversal cover is CATIO

Cartan Hadamard theorem
a complete connectedgeodesicmetric space
locally CATCK for kleq0

then x ̅ universal cover is a CAT k

space.C2Exercise show that a tree
is c ATCK forany RinmathbbR

3 Exercise If X is subsetATleftReright for KK
then X is also CATCK

But not vice versa



Exercise Showthat a graphwith onlyfinitelydifferentedge
CGlengths isCATCI it does not contain an

isometrically embedded cycleoflength
2Alocally

CATA
andofapt isastar19PfGr

ohtree whichisCATED
Bythm

completegoodmetricspare
eangcame hasacogsubses

113t

5
Exercise show that there is a uniquegood betweentwo
points at dist Dk in a CATCRIspace

CATleft0right spaces are uniquely geodesic

z
2

1 n
x degenerate Ay

CG
Exercise let X bea CA I 0 space

show that local geodesics are geodesics

rleft0inftyright chi a path is called a localgoodis
ageodesic.ifforalltgeq0 test r

Gtgeq0 st rleft0tright is agood
Gneqphib I r is a good in a Bhdof0

t E E

Hint

show closed
show 9 open



67
Exercise A map fXrightarrowY b w two metric spacesis called

a localisometry if forallxinX mhd Bnof a sit
phiBx is an isometres

embedding.IfphiXrightarrowY is a local isometry for
Xgoodmetricspaceto
YaCATleft0right

spacethenshow that phi is an isometric

embedding.ThanIf G acts geometrically on a complete CATCO space
thenG has only finitelymanyclassesoffinite
subgroups

proofsketch

F1 Every bounded set in aCATIO spacehas a unique center

cocompactact compactset k thatis a fundamentaldomain
properlydist geG gknk Y isfinite

i finite set F CGofelements that fix a point
of

k.Nowif H is a finitesubgroupofG
then H x isbounded for any HEX

center so that isfixedbyH
now gno EK forsome g EG

gHg fixesgro and iscontained inthefinite setF

every finite subgroupofG is conjugate into F



Consequencesof acting on a CATCO

space.GA X CATCO

geometric

action'Algebraic

G is finitely presented
G has finitelymany conjugacyclasseshasa f isubgroupoffinite subgroups
solvable subgroups are virtually

abelian

Every abelian subgroup is

fog.AlgorithmicThere are algorithms to solve
word problem
conjugacy

problemGeometric

exponential volumegrowth
Dehnfunction is atmostquadratic



Mr polyhedral
complexForKEIR an Mppolyhedralcomplex is a space X built
from a disjoint unionofconvexpolyhedra PiinM ni

by identifying some polytopes isometricallyalong

faces.FactAn M polyhedral emplx built from finitelymany
isometrytypeofpolytopes is a completegoodmetricspace

31n Noteven ametricspaceEx 12
1

AnMa polyhedral emplx is builtoutofCATCHPCs
when is it itself CATCK
mhdofa point in the interiorof a polytopeisCATCK
at vertices

AnMkpoly implx satisfies the Linkcondition if the thof
everyvertex is a CATCI space



Thm An Mopolycomplexwith finitelymany isometrytypes
of

polytopeshas

curvature atmosh k
it satisfies the theconditionThm

ITM
2 is CAT k

satisfiesthe link condition
doesnot contain isometrically embedded

loopoflength 22Dk.agirthcondif

9
pi2 pi1alphakvExample

e3e2pi2
vIs this a CATCI spare

No 9Mo polyhedralemplex
Fails the 2kcondition
not CATo space.comparison

Delta pi2 pi1

e3e2pi2

iii v
v Mpoly

compx x
Uparrow2 pi2

alphakM2pi2pi2alphak pi2
pi2pi2pi2

isCATCI
isCATCD

XisCATIO
XisCATCO



Davis Complex
constructionRecall

geometric reflection groups Coxetergaps
let int be a geom refgop
then W A IE 1H

propdisc

cocompactlylet
W be a Coxeter groupthat is Not a geom refgop
GOAL Find a nice space SigmaW called Daviscomplex

Sf IN A Σ w
prop disc

cocompactly.CONSTRUCTION

Given W S

let STsubseteqSWT is spherical

Sphideltabackslashphi
WS

T
U
spherical
WWT

Eachoftheabove sets are partiallyordered by inclusion
let the corresponding simplicial emplxesbe

K thechamber
L the nerve orLink
Σ the Davis complex



Example leftWsrightfracscdot3fractleftlanglest2t2right
K

phi

deltaleftphi1leftsrightlefttrightleftstrightright
Sphileftleftsrightlefttrightleftstrightright

cdotts

leftstright
WWphileft1stststsright LWWss ts s

lts

WWtSigmat1Deltat tst

WWleftStrightleft1right
stWphi

sum_W

8 t

leftstright

swt DeltaWphi S

WSSENS

1Wphi
stsWphittWphi 1cdotW

WtxsWt
hatdtcdot

tWphiswphi tW8

observation
1 ActionofW D3 on sum_W

S t actbyreflections2Fundamental domain for theaction is K
3 2k of Wp is L

Too many triangles



RECELLULATION

For every Tcs st Wt isspherical
and for every gew
SigmaW builtby gluing cellsofdim It foreach GWT

Vertices Tphi WT1
correspond to gwphi or elementsofW.EdgesTleftSright WTleft1Sright
correspond to gcdot nogs for gWast

1 skeletonofΣ'w isexactly cayleftWSright
2 cells TleftStright WTleftlanglests2t2leftstrightmrightrangleminfty

corresponds to get 98

for gWTg1gffstst

gtgs
2 skeletonofΣ'w isexactly Cayleycomplexfor WS

tsr3 cells Tleftstrright 8
Gamma

tv
ts tEx

t sr
V r

WTmathbbZ2timesmathbbZ2timesmathbbZ2 8 l



Question How toglue the cellstogether
We will specify a metric on these cells and then

glue by isometry on

faces.METRIZATION

To show Each cell can be given a Euclidean metric

n cell WT spherical for leftTrightn

finite geom reflectiongroupscap etawithfunddomain a

simplex.upto conjugationbyelementof Isom IR
wma w TOn
and wcap mathbbRn withfundamentaldomain

a simplicial cone GTmEx tNT ooo
t8

n S 9

p
t

IMMNow
for any pinCT WT p is a Euclideanpolytopewhose

combinatorial type is indep of p

p is specified by overlinedinleft0inftyrightT
where overlinedleftdttinTright

distb w pand hyperplanefor tET



Gluing n cells

Fix overlinedinleft0inftyrights
forallTsubseteqS get a Coxetercell sum_TleftoverlinedTright for eachWT

and glue gcdotsum_TleftoverlinedTright by isometryalongfacesTheoremDavis Monssong

foranyCoxetersystem leftWSright and
choiceoverlinedinleft0inftyrights

the Davis complex sumsumleftWSright admits the st ofa Euclidean polyhedral complex st
Vsum W
Σ Cay Wis
Σ cayemplxfor Coxeterpresentat Wis
each n cell correspondsto gWt where T spherical
ofsize n and the cell is Σ Cdt
Lk ofeveryvertex is L W S
Poset of cells of Σ WS

2k of a vertex spherical nhdofthatpoint



Exercises
D1 show that K is a fundamental domain forthe act

ofW AΣD2Show that W A Σ propdisc andcocompactly
D3 Show that Σ is simply connected

D4 Suppose leftWSright is a Coxeter system suchthat every
proper specialsubgroup is finite
Show that K is a simplex

WDinftytimesDinftyGammainftya
Exercise
DJ

RACG

a

rc db

bccdotinfty d

1 Draw K L T presentationgraph
2 Doyou see a relationship between L andT
2 Write STsubseteqS spherical
3 Draw cells sum_TleftoverlinedTright
4glue using L

t
D8

Exercise t
5 YExerciseDG Gamma

SSr r

t 1D7
Exercise infty

S

V



Davis complex is CATCO

For leftWSright a loxetersystem let sum_W osum betheDaviscomplx
we already saw

Σ is simply connected
W A Σ propdiscandcocmptg

Σ isS.c.ΣIsCATCO
Σ satisfies the link condition

LleftWSright isCATCI
Moussong'sLemma

Lhasedgesoflength 112
L is a metricflagcomplex

IfsomesetofedgesofI canbethe1 skeletonofasphericalsimplexthen sphericalsimplexin Lwhose
1skeletonisthoseedgesTo show Lhasedgesoflength1112Lsimplicial complex correspondingto the poset

Ttd TCS spherical
Recallvertices

of 1 correspond to Ess for SES
Edges of L correspond to sum_leftlangleStrightranglefor sites

swphi lengthof e dihedral angleb w
sum_leftlanglesrightrangleandsumleftlangletrightrangle for stinS

Sigma

eL wphi

pifracpimstgeqpi2tWphi



2b Toshow L is ametricflagcomplex.pfinother words to showthat L is determined by
it's one skeleton

Suppose TCS st the vertices sum_tinL are

pairwisejoined byedges
let lst lengthq eachedge pifracpimstgeqpi2
Define Cst cos lstcosleftpimstright

we want to show that there is a sphericalsimplex
with edgelengths lst

in L
sphericalsimplexwithedgelengths lst pipi met

Propa C is positivedefinite
PropF WTT is a sphgeomrefgroup
def E is a cellofΣsee

next

page.def
Et ETY spans a cellsimplex in L



RecallProp P convexpolytope

inward pointingnormalvectors leftoverrightarrowu1overrightarrowu2ldotsoverrightarrowunright
Gram matrix C1leftleftlangleoverrightarrowuioverrightarrowujrightranglerightleftcosoverrightarrowuioverrightarrowujright

dihedral angles b w codimension 1 faces thetaij thetaijuid
leftharpoonupujthetaijpiuiujRightarrowc2leftcosthetaijright leftc1c2right

lengthsof edgesof Pcdotlij st lii0

c3leftcoslijright
prop P is asphericalsimplex

Cz is vedef.Pissphericalsimplex
c1c2 is thedefPropertheAbCEL0T areLsidesof a

sphericaltriangle
abc2pi

kor

CRecallThm ProppF

Nt T Coxetergroup
with C cosinematrixof WTT

thetasspi
thetastpipimst
cleftcosleftthetastrightright

Then C is positivedefinite
sphericalsimplex whoseGrammatrix is c

St Wison to the sphericalgeom reflectgrpTwithfundamentaldom r



sD OnedirectionofMoussong'slemma.GOALL M polyhedralcomplex
L has all edgesoflength pi2
L isCAT I
Then L is a metricflag

complexproofByProp we have that L is infact a
spherical simplicial

complex.supposeL is not metricflag
sphericalleto be ansimplex st oh C L but 94L.Alsoassume all facesof are containedin L elsepassto a

lowerdimensionalsimplex.thenfor a vertex ofon
Ln1alphakleftvLrightpartialsigman

spherical
is ansimplicialemplx
is CAT I
isnotmetric flag
dim CLn i C dim L Ln
spherical

on cLny the 1skeletonofasimplexwithoutthe simplex
hthenU On1 st

Ln 2
backslash

αk V Ln2 25 satisfies

goingdowndimension we endup atspherical
5
0 iskeletonof a 2 simplexa b

sphericalina CAT1 simplicialemplexofdimension 1corec

Now sigmaU is a spherical 2 simplex atbtc 21T
501 isfilled inCATCI

in a 1dim'lspace



o sigmann dim'l simplex

alphakleftvsigmanrightcongsigman1 n 1 dim'tsimplex

sigmanleftn1right n1 skeleton subsetL
ofa n simplexSph

alphakleftVsigmanleftn1rightrightcongsigman1leftn2right n 2rangleskeletonofa n 1 simplexsph

keepgoingtoget
n3

sigma21 1skeletonof a 2simplex
sph

let a1 bC bethesidesof5211
then sigma2left1right is the 1skeleton

of a spherical 2
simplyfor

6
a bc 21TLAT

LDfor1 dim
eachiterated theisCasey

no shortloop
sigma2left1right isfilled in

sigma3left2right isfilledin
vdots

sigmanleftn1right isfilled in



Other directionofMoussong's

Lemma.GOALL M polyhedral comply

all edgeshavelength M2
L metricflagcomplex
Then L is CAT I

Recall recordsome

resultsThingAnM polyhedral complex isCATCI
Lkcondition Linkofeveryvertex isCATCI
girthcondit no isometricallyembeddedclosedcircle

oflength

2T.PropAt Bowditch emptmetricspace curvatureatmost 1

everyclosed rectifiable curve oflength 2T isshrinkable
then is CAT I

homotopicto astrictly
shorter curve thru
a homotopyoflength
non increasing

curvesshrinkableExnot
shrinkable



Prop I Properties inheritedby Links
sphericalsimplicialcomplexwith lengthofedges pi2
metric flagcomplex

spherical simplexwith edgesoflengthgeqpi2
No a vestX of sigma
e an edgeopposite torPropJThen

dleftv0eright is realised by some edgeof 5

eq.Crux

oftheproof legeqpi2 metricflag spherical CATCI

spherical simplicesstartto bulge oncetheiredgelengths are
longerthan 12

This forcesgeodesicsto follow the one skeleton

But now a loopof length atmost21T
cannot crossmore than

3 edges forming a Δ

Flagconditionimplies that this Δ is
a simplex

and hencethere are no shortgeodesic loops



Proof legeqpi2 metricflag spherical CATCI

suppose L is notCAT I

girthconditionfailsαkconditionfails
some 2hofL isnot
CATCI

4girthconditionfailsαkconditionfails
some theof4 is
not CAT I

2kconditfails2kofLnt is 1 dim l
and notCATCI

girthcondition
failsfor

Ln.Sowma we havean iteratedtheL'isa sphericalamply
all edgesoflength 112
ismetricflag
all lksof1 areCAT I
I fails thegirthcondition

st

IProp It



toFailinggirthcondition means
isometrically

embeddedcircleoflengthsC
21TletL be the unionof all closed

cellsthat to intersects
Then 2 is compactand locallycontractible.b

c there are finitelymany isometrytype
ofcells Soforinstancewe don'thave

a

shrinkingwedgeof

circles.ByBowditch Prop closedrectifiable curve 2oflength C 2T in L
that is not shrinkable

Sinie L iscompactand locallycontractible
Wma ris minimal length among all non trivial

non shrinkable loops
locallygeodesic

ifnotthen homotopyto a shortercurveWal
since L locallycontractible

Rename L as L forthe restofthe argument



let v be a vertexof L Recall fracpi2leqlepi
wehave

BleftVpi2right visisometric to sphericalconeon SkV

theta Recallmetricon 26 Uobs
U
2kcalsubset1

pi2pi2 O

ooounitvectors
thatpoint
inside the
polytope

C

claim ctheta
lawofcosines
lose losacosb sinasimbloso

cosacosntztsinntzsi.mil coso

lose 0 1.050
c O simie OCT

metriccomingfrom
1

Bleftxpi2rightC closed starofVunionofall closed cellsthat contain v

L is coveredby openballsof radius pi2 around it's vertices
Pf since T

frac2
rele pi edges are coveredtheseopen

let onbe a simplexin L1 thatisnotcoveredbyballsarounditsvertices
then pinsigman whichisdist geqpi2 from all vertices

isometricallyembed sigman in mathbbRn1n St pis the northpole

then all thevertices are in theclosedsouthernhemisphere
sigman c southernhemisphere MXi



NerveofthecoveringofL by BleftVpi2right is L1left1right
open

NleftGright simplicialemplex
V opensetsin thecovering
e intersectof 2opensets

k simplex intersectof121 opensetsV

mutual.Pf lepiL1left1rightsubseteqNlefterightbc
Nowsuppose existsvxinLleft0right st dLleftvvrightpi

and BvoverlineBv in NleftGright
But v rel are not in a commonsimplex

Cequivnoedge b wthem

let W E Bene capBleftVrightsubseteqoverlineSHVcap S v1

simplex inoverlineSHleftVright st ont niomega

sigmainoverlineSfleftlangleVrightrangle

vpi2wLIZ
v

ontByProp
leftharpoondown

It dv1 or is realizedby anedge
dleftvwrightgeqdv no geqpi2

whichis a contradict

v w belongto the same simplex and
are henceadjacent



5 r can be homotoped tobecontained in L1left1right
sa Moreprecisely consider deltagammacapBleftvpi2right

v
8

r

length non increasinghomotopyof 8 relendpoints
to a paththat goesthroughreinfactalocalgeodesic ifnotalocalgoodthenwecanhomotopeittobeshorterwhich

isacontradictsincewechoseaminimal

one.prooflet S unionof 2 simplicescontaining re
that intersect 8 pi1pi2

1
qS5S1 S2 S4s3phi

since lleftdeltarightleqpi local isometryfrom S into the
nothernhemisphereof 2

firstmap s into with n as theNP
now maps stmapcompatible on Sins2

NP8is a localgeodesic inthe interior
ofnorthern hemisphere
p q antipodalpoints

now take constant lenget

homotopy bw 8 and 8

delta

Prg 1

goodbw p11
passingthroughNPpullit backto

get a localgoodjoining p 1 bevia r
and in a length non increasing manner



56 Apply sa to eachopenballalongthe lengthofr
Claim The new curve is locallygood

non shrinkable
haslength 2T

Pf lengthnon inc

homotopy.vv

a is contained in the 1 skeleton 1
let xinBleftvrightcapBleftvright A r
thenby construction localgoodjoining x

andrexandy

v
u

as in 4 we conclude that
v w are in the samesimplex

and the unique locallygood pathjoining
v w is the edge b w them



Final conclusion
2 loopof length 2T non shrinkable r cL

legeqpi 2

r consistsof atmost 3edgesButL metric flagcomplex a triangleoftotal length 22T
is filled in

r is non shrinkable

3Exercise
CGD 1

show that every finite subgroup
of a coxetergroup W S is

conjugate into a spherical

subgroup.ThmCGD 2

Every solvable subgroupofCW S is
fig and virtuallyabelian.ThanCGD3 There are finitely many conjugacy
classesof finite subgroups of W S


