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These notes were prepared for a mini-course on the goemetry of Coxeter groups at ‘Frontiers in
mathematics’ event at Kerala School of Mathematics, Kozhikode. The goal is to sketch a proof of
Moussong’s theorem which states that

Every Coxeter group acts properly discontinuously and cocompactly on a CAT(0) space.

We will approach Coxeter groups from the lens of geometric group theory and thus these notes do
not touch upon on the connection of Coxeter groups with Lie theory.

These notes closely follow ‘Notes on Coxeter groups’ by Chris Cashen, who in turn used
Mike Davis’ book ‘The geometry of Coxeter groups’. For a quick introduction to the topic at
an undergraduate level, one can refer ‘Office Hours with a Geometric Group Theorist’, from where I
borrowed some exercises.

These started as typed notes but very soon evolved into handwritten ones. The notes are organised
as follows:

Introduction to geometric group theory
Coxeter groups - definitions and preliminaries
Geometric reflection groups

Spherical simplices

Introduction to CAT(k) geometry
Construction of Davis complex

Davis complex is CAT(0)
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Coxeter groups in geometric group theory

Here is a list of examples where Coxeter groups have been used in connection to geometry/topology.
See the introduction of Davis’ book for a summary.

1. Creating exotic manifolds:

e construct the first example of a closed aspherical (all homotopy groups trivial) manifold
not covered by any R"

e construct example of a closed aspherical manifold that is not residually finite

Construct example of a closed aspherical manifold that has unsolvable word problem

a closed aspherical topological manifold that is not homotopy equivalent to a smooth man-
ifold

e construct examples of Poincare duality groups that do not occur as 7 of any closed as-
pherical manifold.

2. Hyperbolicity

e construct examples of hyperbolic 4-manifolds (from Coxeter polytopes of reflection groups
in H*)

3. Counstruction of CAT(0) spaces: a rich source of examples for groups acting on CAT(0) spaces.
4. Theory of special cube complexes

e Davis complex of a Right angled Coxeter group is a cube complex. Any group that acts
geometrically on a ‘special cube complex’ can be embedded into a RACG. This was a
crucial step in the resolution of the virtual Haken conjecture.



Coxeter groups - definitions and preliminaries

Let S is a finite set. Let M = (ms;) be a symmetric |S| x |S| matrix with entries in {1,2,...} U {oo}
such that mg, =1 for all s € S and mg; > 2 for all s #t. Such a matrix is called a Coxeter matrix.
A group is called a Coxeter group if it admits a presentation of the form

<S|(st)™ for all s,t €S>

where (mg;) is a Coxeter matrix. Such a presentation is called a Coxeter presentation.
A Coxeter system (W, S) is a Coxeter group W such that there is a Coxeter matrix M defined
with respect to S which gives a Coxeter presentation for W.

Example 0.1. There is only one possible Coxeter matrix on a singleton S = {s} with corresponding

group Z/2Z. Coxeter matrix on S = {s,t} has a form [1}1 1711 for m > 2. Consider the cases

m=2m=o0 and m# {2,00}. B

Recall the dihedral group D,, is the group of symmetries of a regular n-gon P, in E2. Let r
denote the rotation by 27/n that generates the cyclic group of rotational symmetries C,, and let s be
a reflection symmetry. Then

D, =<1, 5|1, 5%, (sr)? >2 Cp x Cy

Since r = s sr, letting sr =t we have
D, =<t,s|(st)",s*t* >
There are two commonly used ways to represent Coxeter groups via graphs. Let M be a Coxeter
matrix on S.

e Coxeter graph/diagram I'g: Vertex set is S and two vertices are joined by an edge if mg > 2.
Edges are labeled by mg; if mg # 3. (Notice that no edge means mgy; = 2.)

e Presentation graph Tg: Vertex set is S and two vertices are joined by an edge if mg < co. Edges
are labeled by mg, if mg # 2. (Notice that no edge means my; = c0.)

Exercise 0.2. a) Draw both the Coxeter diagram and the presentation graph for the following
Coxeter matrices :

1 2] |1 3 1 m 1 o
[1],[2 1],[3 1]’[m 1:|Where3<m<oo,|:oo 1:|,

b) How does a Coxeter group decompose if it is represented by a disconnected Coxeter diagram? a
disconnected presentation diagram? A Coxeter group is called irreducible if it’s Coxeter diagram
is connected.

Exercise 0.3. A Coxeter group W is called rigid if there are two Coxeter systems (W, .S) and (W', S")
such that W = W', then there is a label preserving graph isomorphism between I's and I's:.

a) Find two non-isomorphic Coxeter systems (equivalently, Coxeter diagrams) that determine the
dihedral group Ds.

b) Determine which dihedral groups are rigid.

c) Prove that if I's and I'gs are two Coxeter diagrams that determine isomorphic groups and all
edges of I'g are labelled oo, then the same is true for all edges of I'g/.



Let (W, S) be a Coxeter system. Let T c S be a finite subset. The subgroup Wr of W generated
by T is called a special subgroup. Let I'p be the full subgraph of the Coxeter diagram I'g. It is not
obvious but is true that (Wr,T) is itself a Coxeter system with Coxeter diagram I'r. Finite special
subgroups of (W, S) are called spherical subgroups.

Exercise 0.4. A Coxeter group given by (W,S) is called a right-angled Coxeter group (RACG) if
mst € {2,00} for all s+t in S.

a) Describe the graph property (in terms of both Coxeter graph and presentation graph) that
characterizes those special subgroups of RACGs that are spherical.



Geometric reflection groups (examples of Coxeter groups)

A Euclidean convex polytope is the compact intersection of finitely many halfspaces in E™.

A spherical hyperplane is the intersection of S® ¢ R™*! (as the unit sphere with center the origin)

with a linear hyperplane of R™*!. A spherical halfspace is the closure of a complement of a spherical
hyperplane. A spherical convex polytope is the the compact intersection of finitely many spherical
halfspaces in S”. A convex polytope is called an n-simplex if it has the combinatorial type of a simplex
in R™*L,

A geometric reflection group is a group generated by reflections in the sides of a convex polytope
P in S, E™ or H" such that P is a fundamental domain for the action. Such a polytope is called
a Coxeter polytope. In these notes, we will primarily work with spherical and Euclidean polytopes.
Please refer to Cashen’s notes for the study of hyperbolic polytopes.

Lower dimension

Exercise 0.5 (One dimensional geometric reflection groups in E!). Consider the real line with the
Euclidean metric E'. The only non-singleton convex polytopes are intervals. Let P be one such
interval, say [-1/2,1/2]. Let p1:x = —x—1 and po:x — —z+1 be the reflections about the faces {-1/2}
and {1/2} respectively.

a) Show that the group generated by p; and ps is isomorphic to the infinite dihedral group De..

b) Show that all geometric reflection groups defined on E! are conjugate in the group of affine
transformations of E!.

Exercise 0.6 (One dimensional geometric reflection groups in S!). Show that geometric reflection
groups in S! are exactly the finite dihedral groups. (Hint: Construct an action of D,, on S* and show
that it is faithful.)

Theorem 0.7. One-dimensional geometric reflection groups are in bijection with dihedral groups.

Exercise 0.8 (Two dimensional geometric reflection groups in S? and E?). A Coxeter polygon is a
Coxeter polytope in S?,E? or H? that is a fundamental domain for a geometric reflection group.

a) Show that the dihedral angle at each vertex of a Coxeter polygon is an even integral fraction of
2.

Let X2 be S? (resp. E?) with constant curvature = +1 (resp. 0). If P is a polygon in X? with area
A(P), dihedral angles 6; = m/m; and Euler characteristic x(P) = 1, then the Gauss-Bonnet theorem
says that

A(P)K(X?) + i(w —7/m;) =2mx(P) = 2m.

b) Use the above formula to enumerate all possible Euclidean Coxeter polygons with the possible
dihedral angles.

c) Use the above formula to enumerate all possible spherical Coxeter polygons with the possible
dihedral angles.

d) *What can you say about hyperbolic Coxeter triangles using the above formula?

Exercise 0.9. A triangle group A(p,q,r) is a Coxeter group defined by the Coxeter matrix

_— 3

1 »p
p 1
r q



a) For p,q,r < oo, when is A(p, ¢,r) a spherical/Euclidean/hyperbolic geometric reflection group?
b) Consider the action of A(2,2,00) on E2. What is the fundamental domain?

¢) **Consider A(oo, 00, 00) acting on H?. Draw the fundamental domain. Show that A has a finite
index subgroup that is isomorphic to a free group. Show that A is not a geometric reflection
group. Hint: Use the notion of quasi-isometry and quasi-isometry invariants.

Remark: Every geometric reflection group is a Coxeter group. There exist Coxeter groups that
are not geometric reflection groups.

Theorem 0.10. The two dimensional geometric reflections groups are as follows:
e spherical: spherical triangle groups
o Fuclidean: Fuclidean triangle group and Do X Do

e hyperbolic: -

Higher dimension

Exercise 0.11. Show that the dihedral angles of a Coxeter polytope (those coming from a geometric
reflection group) are integral submultiples of 7.

Proposition 0.12. 1. Any spherical convex polytope with dihedral angles < 7w/2 (hence any Cozeter
polytope) in S™ is a simplex.

2. Any Euclidean convez polytope with dihedral angles < w/2 (hence any Cozeter polytope) in R™
is a product of simplices. (In this case the geometric reflection group is a direct product and is
called reducible.)

Theorem 0.13. A convex polytope P in S™ or R™ is a Cozeter polytope if and only if the dihedral
angles of P are integral submultiples of ™ and if P is has the combinatorial type of a simplex in R™*1.

Moreover, for dihedral angles 0;; = w/m;;, the Cozeter group determined by the Cozeter matrix
(myj;) is isomorphic to the group generated by reflections in the codimension 1 faces of P.

Theorem 0.14. All geometric reflection groups are Coxeter groups.

Coxeter was able to enumerate all Coxeter polytopes in S” and E" to give a classification of
irreducible geometric reflection groups in these setting. Recall, how we did this in the 2-dimensional
case.

Next, we will focus on the spherical Coxeter polytopes, which in fact are always simplices.
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